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Recently, the dynamics of stochastic systems involving time-delay has
become a focus of growing interest. Time delay may originate, e.g.,
from a feedback control protocol, but it is also inherent in many living
and active systems. The corresponding theoretical description is chal-
lenging due to the non-Markovian nature of the underlying Langevin
equations [1]. Here we discuss such systems in terms of stochastic
thermodynamics. Considering first a colloidal particle in a double-well

potential and a time-delayed trap, we provide a novel analytical ex-
pression and numerical results for the heat production [2]. We then
discuss systems with discrete and distributed delay, describing them
by coupled Markovian equations involving 𝑛 auxiliary variables with
linear, yet non-reciprocal coupling [3]. We provide arguments that
non-reciprocity inevitably leads to non-equilibrium as reflected by a
broken fluctuation-dissipation theorem and nonzero entropy produc-
tion. We also discuss connections to active systems, particularly the
active Ornstein-Uhlenbeck model involving coloured noise.
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